The two-photon exchange contribution to the single spin asymmetries with the spin orientation normal to the reaction plane is discussed for elastic electron-proton scattering in the equivalent photon approximation. In this case, the hadronic part of the two-photon exchange amplitude describes real Compton scattering (RCS). We show that in the case of the beam normal spin asymmetry this approximation selects only the photon helicity flip amplitudes of RCS. At low energies, we make use of unitarity and estimate the contribution of the πN multipoles to the photon helicity flip amplitudes. In the Regge regime, the quasi-RCS (QRCS) approximation allows for a contribution from two-pion exchange, and we provide an estimate of such contributions.
I. INTRODUCTION
Recently, the new polarization transfer data for the electromagnetic form factors ratio G E /G M [1] raised a lot of interest for the two-photon exchange (TPE) physics in elastic electron proton scattering. These new data appeared to be incompatible with the Rosenbluth data [2] . A possible way to reconcile the two data sets was proposed [3] , which consists of a more precise account of the TPE amplitude, the real part of which enters the radiative corrections to the cross section (Rosenbluth) and the polarization cross section ratio in a different manner. At present, only the IR divergent part of the two-photon exchange contribution, corresponding to one of the exchanged photon's being soft, is included in the experimental analysis [4] . Two model calculations exist for the real part of the TPE amplitude [5, 6] , and they qualitatively confirm that the exchange of two hard photons may be responsible for this discrepancy. To extract the electric form factor in a model-independent way, one thus has to study the general case of Compton scattering with two spacelike photons. These two-photon contributions are important for the electroweak sector, as well.
In view of this interest, parity-conserving single spin asymmetries in elastic ep scattering with the spin orientation normal to the reaction plane regain attention. These observables are directly related to the imaginary part of the TPE amplitude and have been an object of theoretical studies in the 1960's and 1970's [7] . By analyticity, the real part of the TPE amplitude is given by a dispersion integral over its imaginary part. Therefore a good understanding of this class of observables is absolutely necessary. Recently, first measurements of the beam normal spin asymmetry 1 B n have been performed in different kinematics [8] .
Though small (several to tens of parts per million), this asymmetry can be measured with a precision of fractions of parts per million. Before implementing different models for the real part, where an additional uncertainty comes from the dispersion integral over the imaginary part, one should check the level of understanding of the imaginary part of TPE. These checks have been done for the existing data. Inclusion of the elastic (nucleon) intermediate state only [9] led to negative asymmetry of several parts per million in the kinematics of SAMPLE experiment but was not enough to describe the data. The description of the beam normal spin asymmetry within a phenomenological model which uses the full set of the single-pion electroproduction [10] did not give satisfactory description at any of the available kinematics. Especially intriguing appears the situation with the SAMPLE data with electron lab energy E lab = 200 MeV, which is just above the pion production threshold where the theoretical input is well understood. On the other hand, an EFT calculation without dynamical pions [11] was somewhat surprisingly very successful in describing this kinematics for B n . This success suggests that to the given order of chiral perturbation theory the role of the dynamical pions for this observable might be not too large. Finally, a recent calculation within the leading logarithm approximation appeared, where only few dominant multipoles were used as input [12] . Surprisingly, the authors of Ref. [12] were able to describe all the experimental data at very different beam energies and scattering angles, while the full calculation of Ref. [10] failed to describe any of them.
Though even at low energies the situation with the imaginary part of TPE amplitude is far from clear, attention has to be paid to high energies, as well, since the dispersion integral that would give us its real part should be performed over the full energy range. Owing to the relative ease of measuring B n within the framework of parity-violating electron scattering, new data from running and upcoming experiments [13] will stimulate further theoretical investigations of this new observable. A calculation of B n in the hard kinematics regime at high energy and momentum transfer was performed recently in the framework of generalized parton distributions (GPD's) and resulted in asymmetries of ∼1.5 ppm [14] .
Since a part-per-million effect measurement at high momentum transfers is an extremely complicated task, the forward kinematics seems more favorable. For this kinematics a calculation exists [15] , where an observation is made that the contribution in the situation where the exchanged photons are nearly real and overtake the external electron kinematics is enhanced as ln 2 (−t/m 2 ) ∼ 100, with m the electron mass and t < 0 the elastic momentum transfer. Making use of the optical theorem, the authors obtained estimates of B n in these kinematics as large as 25-35 ppm. The calculation of Ref. [16] that appeared afterward showed that this result is not adequate, since the squared log term can contribute only to the Compton scattering amplitudes with the photon helicity flip. Indeed, this conclusion was confirmed in Refs. [17] and [18] , the corrected version of Ref. [15] . It was noticed that the ln 2 (−t/m 2 ) term should vanish in the forward kinematics owing to gauge invariance, and the leading term is governed by a single (though still large) log term, ln(−t/m 2 ) ∼ 10. The predictions for B n shifted correspondingly to ≈ −(4−6) ppm and agree with the preliminary data from the HAPPEX experiment [13] .
To provide an estimate of B n , we use the equivalent photon or quasi-real Compton scattering approximation, which is caused by the hard collinear kinematics responsible for this ln 2 (−t/m 2 ) enhancement. In this approximation, the leading contribution comes from the kinematic region where both exchanged photons are nearly real. The hadronic tensor is taken at this kinematic point and can be taken out of the integration. For the hadronic tensor, we adopt the most general real Compton scattering amplitude and demostrate that the contribution of the cross section (i.e., photon helicity conserving amplitudes) vanishes in the QRCS approximation. The remaining contributions are related to the photon helicity flip amplitudes. We provide the calculation of B n at low energies, where πN intermediate states are expected to be the dominant contributions. In this kinematics, the asymmetry can be related to the pion photoproduction multipoles, and we discuss the relative contributions of different multipoles. At higher energies, we discuss forward kinematics, that is the Regge regime, and note that the combinations of the RCS amplitudes appearing in the expression of B n are related to 2π exchange in the t channel. We provide an estimate of such contributions but conclude that these are negligibly small.
The article is organized as follows: in Sec. II we define the kinematics, general ep-scattering amplitude, and the observables of interest; in Sec. III the two-photon exchange mechanism and the photons kinematics are studied; the equivalent photons or quasi-real Compton scattering approximation and its implementation for the case of B n is given in Sec. IV; we present our results in Sec. V and conclude with a short summary.
II. ELASTIC ep-SCATTERING AMPLITUDE
In this work, we consider the elastic electron-proton scattering process e(k) + p(p) → e(k ) + p(p ), for which we define
and choose the invariants 2 t = q 2 < 0 and ν = (P · K)/M as the independent variables. M denotes the nucleon mass. They are related to the Mandelstam variables s = (p + k) 2 and u = (p − k ) 2 through s − u = 4Mν and s + u + t = 2M 2 . For convenience, we also introduce the usual polarization parameter ε of the virtual photon, which can be related to the invariants ν and t (neglecting the electron mass m):
with τ = −t/(4M 2 ). Elastic scattering of two spin 1/2 particles is described by six independent amplitudes. Three of them do not flip the electron helicity [3] ,
while the other three are electron helicity flipping and thus have, in general, the order of the electron mass m [14] :
In the one-photon exchange (Born) approximation, two of the six amplitudes match with the electromagnetic form
F Born 3,4,5,6 (ν, t) = 0, where G M (t) and F 2 (t) are the magnetic and Pauli form factors, respectively. For further convenience we define alsõ
, which in the Born approximation reduce to Sachs electric form factor G E and Dirac form factor F 1 , respectively. For a beam polarized normal to the scattering plane, one can define a single spin asymmetry,
where σ ↑ (σ ↓ ) denotes the cross sesction for an unpolarized target and for an electron beam spin parallel (antiparallel) to the normal polarization vector, defined as
normalized to (S · S) = −1. Similarly, one defines the target normal spin asymmetry A n . It has been shown in the early 1970's [7] that such asymmetries are directly related to the 2 In elastic ep scattering, the usual notation for the momentum transfer is Q 2 = −q 2 , but we prefer the more general notation t to avoid confusion with the incoming and outgoing photon virtualities.
055201-2 imaginary part of the T matrix. Since the electromagnetic form factors and the one-photon exchange amplitude are purely real, B n obtains its finite contribution to leading order in the electromagnetic constant α em from an interference between the Born amplitude and the imaginary part of the two-photon exchange amplitude. In terms of the amplitudes of Eqs. (3) and (4), the beam normal spin asymmetry is given by
2 denote the virtualities of the exchanged photons in the TPE diagram, and w is the invariant mass of the intermediate hadronic system. We next study the kinematics of the exchanged photons. Neglecting the small electron mass and using the c.m. frame of the electron and proton, one has
with | k| = (s − M 2 )/2 √ s ≡ k the three-momentum of the incoming (and outgoing) eletron, determined solely by the scattering angle. Choosing higher values of the mass of the hadronic system w 2 < s leads to scaling the size of the ellipse by a factor of (s − w 2 )/s − M 2 . In the limit w 2 = ( √ s − m) 2 , the ellipses shrink to a point at the origin, and both photons are nearly real. This is not a soft photon (IR) singularity, however, since the real photons' energy remains large enough to provide the transition from the nucleon with mass M to the intermediate state X with mass w. Instead, the intermediate electron is soft, k µ 1 ≈ (m, 0), therefore this kind of kinematics does not lead to an IR divergency, which can occur only if the intermediate hadronic state is the nucleon itself. In the following we are going to study this kinematic situation in more detail. 
IV. QUASI-RCS APPROXIMATION
We consider the kinematic factors under the integral over the electron phase space of Eq. (10) at the upper limit of the integration over the invariant mass of the intermediate hadronic state, w → √ s − m:
In this range of the hadronic mass w, the exchanged photons are real, and the contribution of real Compton scattering (RCS) to the 2γ -exchange graph is enhanced by a factor of 1/m (it is not a singularity, since B n has a factor of m in front). We next rewrite the contraction of the hadronic and the leptonic tensors in Eq. (10) identically as
where we expanded the leptonic tensor l µν = l
In Eq. (13) only the first term does not vanish in the QRCS limit, while the second and third are at least linear in k 1 . In the limit W 2 → s, one has k / 1 → mγ 0 , which is to be compared with the term m × 1 in l 0 µν . Though at first glance they are of the same order, the additional γ matrix picks an extra electron mass m from one of the projectors k / + m when performing the summation over electron spins. The quasi-real Compton scattering (QRCS) approximation consists in assuming the first term to be dominant owing to the kinematic enhancement under the integral and in neglecting the second one. In general, this kind of contribution coming from QRCS kinematics will always be present in the full calculation, since the second term in Eq. (13) is constructed in such a way that the resulting integral is regular at the QRCS point. In the following, the QRCS approximation will be used. Hence the hadronic tensor can be taken out of the integration over the electron phase space. The remaining integral is
The result of the integration reads as
where Sp(x) is the Spence or dilog function, Sp(x) = − 1 0 (dt/t) ln(1 − xt) with Sp(1) = π 2 /6. In the high-energy limit, E thr /E → 1, we recover the result of Ref. [15] . For details, we address the reader to Appendix A. This ln 2 (−t/m 2 ) factor serves as the justification of the QRCS approximation. In the full result, the term containing ln 2 (−t/m 2 ) ∼ 100 contributes along with simple logarithm terms and other terms that do not contain any large logarithms. By studying the QRCS approximation, we show in a model-independent way that the leading term in this expansion is quadratic. Since this leading term is large, we can (under certain kinematic conditions) neglect further terms.
The RCS tensor may be taken, for instance, in the basis of Prange [19] or, equivalently of Berg and Lindner [20] ,
with the vectors defined as
The amplitudes B i are functions of ν and t. This form of Compton tensor is convenient because of the simple form of the tensors appearing in Eq. (17) . Before contracting the leptonic and hadronic tensors, we notice that the amplitude B 7 can contribute only to the invariant amplitudeF 6 , since it contains theN γ 5 N structure.F 6 does not contribute at leading order in m to either observable of interest; therefore B 7 will be neglected in the following. The remaining tensors in Eq. (17) 
Finally, we identify different terms in Eq. (18) with the structures, together with amplitudesF 1,...6 parametrizing elastic ep-scattering amplitude in Eqs. (3) and (4), and for the invariant amplitudes for the elastic electron-proton scattering in the QRCS approximation we find 
We obtain for B n in the QRCS approximation
The result of Eq. (22) is obtained by using only the assumption that the QRCS kinematics dominates the integral in Eq. (10) . The combinations of the RCS amplitudes appearing in the final result can be furthermore expressed in terms of the helicity amplitudes of real Compton scattering. With these latter defined as T λ γ λ N 
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As can be seen, only photon helicity flip amplitudes enter the final result for B n in the QRCS approximation. This is the main result of this work.
V. RESULTS
In this section we consider the effect of the QRCS contributions on the beam normal spin asymmetry in different kinematics: low energies (πN intermediate states) ; high energies and forward angles, i.e. the Regge regime (2π exchange in the t-channel); and the hard regime (handbag diagrams and two gluon exchange).
A. Low energies: π N multipoles
Above the pion production threshold, the imaginary part of the RCS helicity amplitudes can be related to the pion photoproduction and electroproduction multipoles. These relations [21, 22] for the three amplitudes entering B n read as
where q π is the c.m. pion three-momentum and the hypergeometric function is defined as
We keep only few first multipoles in this infinite series, namely, A 0+ , A 1+ , B 1+ , A 2− , B 2− , which obtain their leading contributions from threshold pion production, (1232) and D 13 (1520) resonances. The result for B n reads as
The helicity multipoles are related to the electromagnetic multipoles E l+,(l+1)− M l+,(l+1)− as
and for l 1
It is informative to consider the contributions of E 0+ and M 1+ , which are dominant at low energies. Neglecting other multipoles, we get
The first term in the brackets is negative for E lab M/κ ≈ 0.45 GeV for the proton target, and always negative for the neutron target. Because of the overall minus sign, the beam normal spin asymmetry necessarily obtains a positive contribution from the threshold pion production. Moving toward the (1232) resonance position, we see that the dominant contribution now comes from the second term. The factor multiplying the |M 1+ | 2 term is always positive for the proton and negative for the neutron. Therefore one expects that the resonance give a large negative contribution to B n on the proton target and a positive one on the neutron target. We use the photoproduction multipoles of Ref. [23] as input to Eq. (29) and present in Fig. 3 the energy dependence of the beam normal spin asymmetry for the proton target over the resonance region.
This result can be compared with the results of Refs. [10] and [12] . In comparison with the full calculation [10] , we find agreement with their findings in the QRCS approximation. In Ref. [12] the authors nominally make the same approximation that we do, keeping the ln 2 the hadronic tensor only, but arrive at the same sign of the contributions of the E 0+ and M 1+ multipoles for the proton. They are furthermore able to describe both low-energy backward-angle data from SAMPLE and intermediate-energy and -angle data from MAMI within the same approximation. It has been shown in Ref. [10] that the QRCS approximation does work well at backward angles (in the sense that it represents the dominant part of the full integration range) but drops short at forward angles, where the exchange of at least one hard virtual photon is important (for very forward angles, see Ref. [15] ). Therefore, even if the QRCS approximation did work in the forward regime, one should not take this success too seriously, since the neglected double or single virtual Compton scattering effects are important. We show the angular distributions of B n on the proton target for different values of the electron lab energy in Fig. 4 .
In Fig. 5 , we display the energy distributions of B n on the neutron over the resonance region.
It is necessary to note that the resonance region does not seem to be favorable for the QRCS approximation. In this approximation, the value of the hadronic amplitude is taken at the largest energy available and is not integrated over the full spectrum. Therefore, if one goes above a resonance position, it is only the tail of the resonance that contributes, which causes the asymmetry to drop quite fast (see the sharp resonance behavior at (1232), D 13 (1520) in Fig. 3) . In a full calculation, also, intermediate energies of the hadronic system do contribute, and the asymmetry does not have such a sharp energy dependence. So it is preferable to use the QRCS approximation in the region where the energy dependence is rather smooth. Furthermore, the quality of the the approximation works. This behavior was first observed in Ref. [10] . Instead, results of Ref. [12] suggest that the loop integral in B n is completely dominated by the QRCS region in all the kinematics (backward regime for SAMPLE data and rather forward regime for MAMI data).
B. Regge regime: 2π exchange
The calculation of Ref. [17] estimates B n as
which is based on taking the RCS amplitude in the exact forward limit. If one allows the momentum transfer to be nonzero, however, one obtains the contribution from photon helicity flip amplitudes, which is the result of this work. Though it is logical to expect that these amplitudes be suppressed at low values of t, there is a competing factor of ∼ ln 2(Q 2 /m 2 ), which can be of the order of several hundreds. In this subsection we provide an estimate of such a contribution at forward kinematics. The combinations of the RCS amplitudes B 1 + B 3 , B 2 + B 4 in the Regge regime are known to have the quantum numbers of a scalar isoscalar exchange in the t channel, which was successfully described by σ -meson [21] or, equivalently, by two-pion exchange in the t channel [24] . Since the effective σ -meson exchange does not result in a nonzero imaginary part in the s channel, one should use the two-pion exchange mechanism accompanied by a multiparticle intermediate state in the s channel. In this subsection we estimate B 1 + B 3 and B 2 + B 4 through πN and ρN intermediate state contributions within the minimal Regge model for π and ρ photoproduction [25] , where a reggeized description of high-energy pion production is obtained by adding the t-channel meson exchange amplitude and (in the case of γp reaction) the s-channel Born amplitude, which is necessary to ensure gauge invariance. The reggeization procedure naturally leads to the replacement of each t-channel Feynman propagator by its Regge counterpart, 1
with α π (t) = α π (t − m 2 π ) and α π = 0.7 GeV −2 . Gauge invariance requires the s-channel piece to be reggeized in the same way, i.e. to be multiplied by (t − m
For compactness, we will use the shorthand [21] 
for the combination of the B i 's that enters the result for the asymmetry. Here we list the results of the calculation of A 1 :
where The result of Eq. (36) leads to a negligibly small contribution to the B n , of the order of 10 −2 ppm for energies between 6 and 45 GeV, which is to be compared with ≈5 ppm from Ref. [18] . There are three suppression factors that are responsible for this small result. First, the reggeization procedure, leads to suppression in energy ν α π (t) . Second, the amplitude A 1 is defined as the combination in the definition only cancels out if the gauge invariant combination is taken as described in Ref. [25] . Therefore we obtain an additional suppression factor of t. 2 ), respectively. In the case of the pion, it is interesting to observe this outcome in view of somewhat the surprising success of the effective field description of the SAMPLE data point on B n without pion contribution. This might give a hint that the pion contribution to B n at low energies is suppressed by the pion mass, if calculated to the same order.
VI. SUMMARY
In summary, we presented a calculation of the beam normal spin asymmetry. This observable obtains its leading contribution from the imaginary part of the two-photon exchange graph times the Born amplitude and is directly related to the imaginary part of doubly virtual Compton scattering The resulting loop integral obtains a large contribution from the kinematics when both exchanged photons are nearly real and collinear to the external electrons. We adopt the QRCS or equivalent photons approximation, which allows us to take the hadronic part out of the integral and to perform the integration over the electron phase space analytically. For the hadronic part, we use the full real Compton scattering amplitude and show that only photon helicity flip amplitudes contribute in this observable in the QRCS approximation. At low energies, we relate this helicity flipping Compton amplitude to the πN multipoles and discuss the contributions of different multipoles.
At high energies and forward scattering angles (Regge regime) we provide an explicite calculation that is due to two-pion exchange in the t channel. The resulting values of the asymmetry are of the order 10 −2 ppm for the energies in the range 6-45 GeV. We conclude that the double logarithmic enhancement does not dominate B n in the forward regime, since it comes with a helicity flip Compton amplitude that highly suppresses this behavior. 
Similarly, in the case of the ρ exchange in the s channel, the integrals with a nonzero imaginary part are 
